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Abstract

The main aim of this work is to study the effective elastic modulus of hybrid composites through micromechanical modeling. The
micromechanical framework based on the generalized method of cells has been employed for this study. The predictions based on the present
model are compared with an assortment of experimental and other theoretical predictions. The effect of two types; sequential mode and
mixed mode of filler additions on the effective elastic modulus of the hybrid composite are studied. Moreover, the effect of other
microstructural parameters such as the concentration, shape and aspect ratio of fillers in altering the hybridization effects are also

investigated.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The development of composite materials is one of the
major advancement in the field of science and engineering.
Composites of varying types and magnitudes based on
diverse materials have been developed during the ages of its
evolution. Composites based on polymers [1-28] have
become one of the most significant advanced materials used
in the areas of aerospace, automotive, defense and other
broad-spectrum engineering applications. These composites
possess scores of superior properties such as high specific
strength and stiffness, increased thermo-oxidative stability,
and enhanced high temperature performance and improve-
ment in other thermal and mechanical properties than those
of base matrices. The conventional composites normally
possess only one type of reinforcement and are termed as
monocomposites. The naissance of hybrid composites,
wherein more than one type, kind, shape and size of
reinforcements are used, bestow synergistic properties of
the fillers and matrix chosen. Studies on hybrid composites
have been started recently and the trend shows it as one of
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the potential materials of future with diversified material
characteristics.

Furthermore hybrid composites are becoming more and
more commercially significant in their own right for a
number of advantages. First, there are economic advantages
in diluting a more expensive reinforcement or filler with
cheaper materials. Second, a wider spectrum of physical and
mechanical properties is possible, facilitating the design of
materials with specific characteristics. Third, hybrids are
used to achieve synergistic effects and improvement in
mechanical and functional properties. The properties of
particulate-filled polymers are determined by several
factors, such as the component properties (matrix and
filler), composition, and structure. The effect of structure of
fillers usually depends greatly on their shape, particle size
and particle size distribution. There are five major types of
particle shapes of mineral fillers: sphere, cube, block, flake
and fibrous. For example, talc and kaolin are platelet-type
particles, whereas CaCO; shape will be normally uneven
[29]. Fibrous filler can usually improve the tensile strength.
A sheet like or plate like filler can improve rigidity, and the
improvement depends on the aspect ratio of the filler [30].
The specific surface area is one of the most important
characteristics of fillers that in turn controlled by the size of
the fillers. It determines the amount of surface contact
between the polymer matrix and the filler. Fillers with
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higher surface areas will contribute to more surface contact
between the filler and matrix, thus increasing the mechan-
ical properties of the composite. Fillers with fine or small
particles have higher surface areas than fillers with big
particles. However, the finer the particles are, the greater
their tendency is to agglomerate, and this can cause an
adverse effect on mechanical properties, especially the
impact resistance of composites. The same is true for fillers
with bigger sized particles, which may act as stress
concentration points or points of discontinuity in compo-
sites, thereby promoting crack initiation and propagation.
Hence neither too finer nor too big particles are preferred in
improving the mechanical properties of composites, and it is
true for hybrid composites also.

However, studies on the effect of filler shape, filler
orientation and aspect ratio in improving the overall
mechanical properties of hybrid composites are very few.
In this paper, an attempt has been made to examine the
effect of filler concentrations, filler shape and aspect ratio on
the effective elastic properties of polymer based hybrid
composites. In addition, the effects of the different modes of
filler addition, namely the sequential and mixed mode, on
the effective elastic modulus of hybrid composites are also
investigated. For this purpose, a micromechanical frame-
work based on the generalized method of cells (GMC) [31]
has been employed.

The generalized method of cells (GMC) [31] is a semi-
analytical method to determine the effective properties of
composites. In this method, a representative volume
element (RVE) of the composite under consideration is
discretized into a regular grid of subcells. Equilibrium and
compatibility are satisfied on an average basis across
subcells using integrals over subcell boundaries. GMC
generates a matrix of algebraic expressions containing
information about subcell material properties. The effective
stiffness of the composite can be obtained by inverting this
matrix. One advantage of GMC over other numerical
techniques is that the full set of effective elastic properties of
a composite can be calculated in one step instead of solving
a number of boundary value problems with different
boundary conditions. GMC has also been found to be
more computationally efficient than the finite element
calculations for fiber reinforced composites [32], since far
fewer GMC subcells than the finite elements are necessary
to obtain the same degree of accuracy. The problem of
discretization is also minimized since a regular rectangular
grid is used in GMC. The formulation of GMC is given
elsewhere [33] where the applicability of GMC for
prediction of mechanical properties of various particulate
reinforced composites is established.

Most importantly, GMC results in closed form constitu-
tive equations for the composite, which, combined with its
efficiency, makes the model ideal for inclusion within larger
structural analysis approaches to simulate the composite
behavior at a material point.

2. Methodology

The above-discussed 3D GMC formulation is applied to
predict the effective elastic properties of hybrid composites.
Two methodologies are used in this regard. The first one is
the approach of sequential reinforcing, wherein the
reinforcements are added one by one in the base matrix
material to make the hybrid composite, and a schematic of
one such system is shown in Fig. 1. For modeling such
sequential reinforcing technique through GMC, the
following steps are adopted. Using the formulation for
single filler reinforced composite, the unit cell is designed to
have a single reinforcement in the base matrix and the
effective properties of the monocomposite is determined.
This monocomposite is then treated as the matrix material
and then the second filler is reinforced in this matrix. Now,
once again employing the GMC technique, the effective
properties for this system are predicted, and this gives the
overall effective properties of the hybrid composite.

The second approach is the mixed mode reinforcing
technique, in which, both the fillers are arranged in some
fashion, and the overall effective properties of the hybrid
composite are predicted in a single step. The unit cells taken
for the analyses are explained clearly in the sections
wherever used.

3. Results and discussion

In order to verify and illustrate some of the unique
features of the presented GMC formulation, the following
results have been generated using the formulation as
implemented within a computer code. First, predictions
for the effective elastic modulus of a polypropylene (PP)—
ethylene propylene rubber (EPR) particles—short glass fiber
(SGF) hybrid composite are compared with the well known
experimental results of Zebarjad et al. [34]. Next,
predictions are made for a three-phase composite reinforced
with continuous cylindrical fibers and isotropic spheroids,
and the GMC results are compared with the theoretical
predictions of Kanaun and Jeulin [35] for the same
composite. Results are also presented for a hybrid
particle—short fiber—polymer composite and are compared
with the results of Fu et al. [36]. Thus the results of the
succeeding validation results section serves to authenticate
the present theory for cases, where literature data exists.
Furthermore the effect of the two type of processing:
sequential and mixed mode filler additions, on the effective
elastic modulus of hybrid composites are also analyzed and
are compared with the results of Kanaun and Jeulin [35].

Subsequently, after performing such extensive compari-
sons to validate the proposed formulation in this paper, a
study has been conducted, on the variations in effective
elastic modulus of hybrid composites with respect to the
different filler shapes and aspect ratios. For analyzing the
effect of filler shape, two filler shapes are considered; cubic
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Fig. 1. Illustration of a sequential reinforcing method (one by one addition) of a hybrid composite having particulate and short-fiber fillers.

and rectangular parallelepiped. These two typical filler
shapes were chosen, since in many discontinuous filler
composites, the fillers have flake-like or arbitrary shapes
containing corners. Moreover, the cubic and parallelepiped
shapes can hypothetically represent a particle and short-
fiber filler. The effect of aspect ratio is analyzed by varying
the dimensions of the parallelepiped.

3.1. Validation results

The efficiency of the present theoretical formulation in
predicting the effective elastic properties of hybrid
composites is validated by extensive comparisons with the
available literature results. As a first case, the polypropylene
based hybrid composite filled with EPR particles and short
glass fibers (SGF) is modeled. Note that, for in this case, the
sequential reinforcing method (SRM), as described above is
employed. For this estimation, the effective elastic proper-
ties of the PP-SGF monocomposite system are first found
out using the above described 3D GMC formulation. A 3 by
3 by 3 subcelled unit cell has been taken for the analysis, in
which the centre (2 by 2 by 2) subcell is allotted for the short
fiber. The dimensions chosen for the short fiber subcell is
aXaX?2a, where, the characteristic dimension ‘a’ is
calculated based on the short fiber volume fraction. These
effective properties of this PP-SGF monocomposite are
substituted for the matrix properties in the same 3D GMC
framework, where EPR particles are the fillers. A same 3 by
3 by 3 subcelled unit cell is taken for this analysis too.
However, the dimensions of the centre (2 by 2 by 2) subcell
that is allotted for the particle is aXaXa. Here ‘a’ is
calculated based on the volume fraction of the particles.
Experimental results for the effective elastic modulus of this
hybrid system were presented by Zebarjad et al. [34] and
this result is chosen for the comparison purpose.

The elastic properties for the PP matrix, EPR particles
and CGF are given in Table 1. The prediction for the elastic
modulus of this hybrid composite is shown in Fig. 2, along
with the available experimental data. Clearly, the predic-
tions of the present theory agree well with the experimental
data of Zebarjad et al. [34]. Succeeding comparisons in this

section explicitly demonstrate the preeminence of the
present analytical framework over the other available
theories for hybrid composites in the literature.

Kanaun and Jeulin [35] proposed an effective field
approach (EFA) for predicting the elastic properties of
hybrid composites. There predictions are for a three-phase
composite having an isotropic matrix, a set of infinite
unidirectional cylindrical fibers and a set of spheroids. The
elastic properties used for the three phases are given in
Table 2. They have conducted a study to understand the
effect of different modes of filler addition on the effective
elastic properties of the hybrid composites. In one method
they have generated a 2D random distribution of cylinders
first and then added particles and then in the second method
they have generated particle first and then cylinders. Hence
to validate our model with their results two schemes are
proposed in this work. We have chosen a 2D unit cell, which
is then divided into 8 by 8 subcells. Using a random number
generator the material properties are then assigned. In
scheme 1 depending upon the volume fraction of cylindrical
fibers the number of subcells are calculated and then they
are placed randomly. The effective properties of this
composite are first determined. Then these properties are
chosen as the matrix properties. After that depending on the
volume fraction of particles the no of subcells are calculated
and their locations are assigned randomly. In scheme 2, the
above method is reversed i.e. particles are added first and
the fibers second. The random distributions of the filler
subcells in the unit cell are generated using a random
number generator program.

The predictions for the axial and transverse elastic
modulus of the hybrid composite using the two modes of
filler addition are shown in Fig. 3(a) and (b), respectively.

Table 1
Elastic properties of the phases in PP-EPR—CGF hybrid composite

Mechanical properties Material type

PP EPR CGF
Young’s modulus £ (GPa) 1.25 3.0 70
Poisson ratio, v 0.42 0.42 0.23
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Fig. 2. Comparison for the elastic modulus of PP-EPR-SGF hybrid
composite.

It can be clearly seen from the figures that both axial and
transverse modulus of the hybrid composite varies much
with the different modes of filler additions. The GMC
analyses are carried out using 2D analysis, 8 by 8 subcelled
array and random distribution. For these schemes, higher
values are observed for the one where particles are filled first
and then followed by fibers followed by the one where fibers
are filled first and then followed by particles and is matching
well with the trend observed in the EFA results of Kanaun
and Jeulin [35]. This clearly proves that the modes of
addition of fillers have a strong effect on the effective elastic
properties of the hybrid composites, mainly due to the
different interaction effects that occur during addition of
fillers in the matrix. In his extensive studies on aluminum
based hybrid composites, Rajan [37] has confirmed this fact
experimentally. The results of his investigation concluded
that the order of filler addition in the matrix influences the
microstructure of hybrid composites and in turn varies their
mechanical properties.

The next validation study is performed for a hybrid
particle—short fiber—polymer composite. Fu et al. [36]
predicted the effective elastic modulus of this hybrid
composite using the rule of hybrid mixtures (ROHM) and
the laminate analogy approach (LAA). The elastic proper-
ties used for the phases are shown in Table 3. In the LAA,
particle filled polymer is regarded as the monocomposite, in

Table 2

Elastic properties of the phases in the three-phase composite having an
isotropic matrix, a set of infinite unidirectional cylindrical fibers and a set of
spheroids

Mechanical properties Material type
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Fig. 3. Elastic modulus predicted by various GMC schemes (a) axial (b)
transverse.

which the short fibers are reinforced. It has been suggested
by Fu et al. [36] that the LAA technique is more suitable
than the ROHM for hybrid composites owing to the fact that
results of LAA agree well with the experimental results than
the ROHM results. Hence the results of LAA are taken to
compare with the predictions of the present model.

Fig. 4 compares the present model predictions with the
results of LAA for the effective elastic modulus. The hybrid
composite with fiber volume percent is varied from 0 to 50
while maintaining a total filler volume percent of 50 in the
composite (Particle + short fiber volume percent=>50 at all
times). It is noticed from the figure that GMC-scheme 2

Table 3
Elastic properties of the phases in polymer—particle—short fiber hybrid
composite

Mechanical properties Material type

Polymer Particle Short fiber
Matrix Cylinders Spheroids matrix
Young’s modulus £ (GPa)  96.5 431.0 34.4 Young’s modulus £ (GPa) 2.39 8.365 75
Poisson ratio, v 0.3005 0.2529 0.2028 Poisson ratio, v 0.35 0.25 0.25
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Fig. 4. Elastic modulus predicted by various GMC schemes and the LAA.

agrees well with the LAA results than the GMC-scheme 1,
mainly due to the regular arrangement pattern used in the
GMC-scheme 2. This is the advantage of the present
formulation over the other models, i.e. its capability to
accommodate any combination of filler arrangements in the
unit cell, depends upon the microstructure. Good agreement
between the present model predictions and the literature
results in all the validation tests exemplify the applicability
and usage of the present formulation in predicting the
effective elastic modulus of hybrid composites.

3.2. Unique results

In fact, the predictions of the present theory agree well
with the literature data for the effective elastic modulus of
hybrid composites as seen from the previous section.
Moreover, the effect of various volume fractions and its
proportions on the effective elastic modulus can be referred
from those comparisons. The variation of elastic properties
with filler volume content seems to be non-linear and
represents a typical composite behavior. Now, illustrating
the new capabilities of the theory, the effects of filler shapes
and aspect ratios on the effective elastic modulus of hybrid
composites are studied. It should be noted that the results
presented in this section are intended to display the theory’s
unique capabilities as opposed to addressing a practical
structural design problem. Future work will involve
comparison to appropriate experimental data for such
composites when it becomes available.

3.2.1. Effect of filler shape

In this study, the effects of particle shape on the effective
elastic modulus of hybrid composites are examined. The
particle shapes considered for this study are cubic and
rectangular parallelepiped, owing to the fact that most
discontinuous fillers have flake-like or arbitrary shapes
containing corners. Moreover these shapes can be compared
to the particles and short-fiber fillers due to the unit aspect

ratio of cube and an aspect ratio greater than unity for the
parallelepiped. The constituent properties used for analyz-
ing the effect of filler shape are E=2.39 GPa and a Poisson
ratio of 0.35 for the matrix and an identical elastic modulus
of E=75 GPa and a Poisson ratio of 0.25 is taken for both
the short fiber and the particulate fillers.

The effect of particle shape is analyzed by predicting the
effective elastic modulus of the hybrid composite for the
following cases: varying the fiber volume while keeping
the particle volume constant and vice versa. The results for
both the cases for one fixed filler volume (either particle or
short fiber) of 10% with varying other filler volume from 0
to 50% are plotted in Fig. 5. It can be noted from the figure
that, in the initial stages, up to a second filler volume
fraction of around 10%, the elastic modulus for the mono-
composite having short fibers is found to be dominating over
the other, beyond that the monocomposite having particles
is outstripping the other. This may be primarily due to the
supremacy of short fiber over the particle in improving the
modulus of the composites for all the volume fractions
studied. Thus, it can be concluded that the reinforcing
efficiency of short fibers or the fillers having an aspect ratio
greater than unity is comparatively more, when compared to
unit aspect ratio particulate fillers. It will be interesting now
to cotton on, the effects of varying aspect ratios of fillers on
the effective elastic modulus of hybrid composites. Thus the
following section is devoted to analyze the effect of filler
aspect ratio in improving the effective modulus of hybrid
composites, by maintaining same material properties for the
constituent phases throughout.

3.2.2. Effect of filler aspect ratio

The study of Fu et al. [36] reveals that the effective
elastic modulus of hybrid composite is having a reduced
dependency on fiber length compared to the fiber volume
fraction. This focus of this section is not to compare such
parameters, but to predict the variation in effective elastic
modulus of the hybrid composite with respect to varying

50
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Fig. 5. Variation of elastic modulus with filler shapes (cubic, parallele-
piped).
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aspect ratios of the fillers. The prior results in this work
pointed out an improvement in the effective elastic modulus
of the hybrid composite, when the fillers are having an
aspect ratio greater than unity, when compared to the
composite having fillers in the region of unit aspect ratio.
Hence the effective elastic modulus of the hybrid
composites having aspect ratio of fillers ranging from 0.3
to 2.0 are predicted and presented in Fig. 6. It can be clearly
deduced from the figure that the effective elastic modulus
increases with the filler aspect ratio.

4. General discussion

The composite unit cells are considered as phenomen-
ological objects whose behavior is derived mainly or partly
from macroscopic behavior of constituent materials. Hence,
the unit cell as material element that should contain
sufficient information for predicting macroscopic behavior
of a material and, at the same time, should be based on
physical concepts without enlisting macroscopic notions,
can then be regarded as a vital problem in today’s material
science. Such a composite unit cell can be unequivocally
modeled using the present formulation than the other
models available for hybrid composites in the literature.
For the composite unit cells analyzed, the results predicted
using the present model agrees well with the available
literature results for any combination of hybrids.

The significant advantage of the present formulation is its
ability to accommodate any combination of n-number of
phases at a time. This advantage helps to analyze the effect
of different filler additions on the effective material
properties of hybrid composites. The analysis carried out
for different filler addition modes clearly proves that the
effective elastic modulus vary with different modes of filler
additions. The study conducted on the effect of phase
concentrations evidently show that the improvement in

8
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Fig. 6. Elastic modulus variation with varying aspect ratio of fillers in the
composite.

modulus values is not linear with phase concentrations and
represents the typical composite behavior. For analyzing the
effect of particle shape on the effective elastic modulus,
cubic and parallelepiped particles have been considered,
due to the piece of evidence that most discontinuous
composites possess flake-like or arbitrary shapes containing
corners. It has been further noticed that fillers having an
aspect ratio greater than unity improves the effective
modulus than the fillers having unit aspect ratio. Results
of the investigation on the aspect ratios ranging from 0.3 to
2.0 confirm the improvement in elastic modulus with
increasing aspect ratios.

5. Conclusions

The effective elastic properties of hybrid composites are
predicted through a micromechanical theory. The theory
employs the generalized method of cells for this purpose.
Extensive comparisons that are made with the model
predictions and the available literature results prove the
supremacy of the present model in efficiently predicting the
elastic properties of hybrid composites. The predictions for
the effective properties of such hybrid composites form a
base for analyzing their overall behavior in a macro-scale.
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